In [l] Banach showed that every separable Banach space can be linearly isometrically embedded in C[0, l]. It is natural to ask for which compact Hausdorff space X is it true that every separable Banach space can be linearly isometrically embedded in C(X). A characterization of such X's is given in this paper when C(X) is the real Banach space of all continuous real-valued functions on X. It is also shown that if C(X) is not universal for all separable Banach spaces, then only a very restricted class of separable Banach spaces can be linearily isometrically embedded in C(X). In particular, for each nonuniversal C(X) with dim C(X) > 1 there is a two dimensional space which is not embeddable in C(X). A characterization of those Banach spaces that can be linearly isometrically embedded in C(X) for every infinite compact Hausdorff space X is also given.
For a given Banach space B, BT denotes the closed unit sphere of the dual B' of B in the weak* topology. The set of extreme points of BT is denoted by EBW and its weak* closure is denoted by cl*EBT. If X is a compact Hausdorff space, e denotes the evaluation map of X into C(X)'. It is well known that e is a homeomorphism into C(X)'
with the weak* topology and that EC(X)'=e(X)VJ -e(X) [2, p. 86 ].
If i: B-*C(X) is a linear isometry into, then the adjoint i' of i maps C(XY onto B\ and, in fact, i'(EC(X)*)^EB* [3, p. 441 ].
The following proposition shows that not all infinite compact spaces X have the property that C(X) is universal for the set of all separable Banach spaces.
Proposition.
Let B be a Banach space. Then B is linearly, isometrically, embeddable in a C(X) for X dispersed if and only if cl*EBT is dispersed (see [6] for results on dispersed spaces, i.e., spaces without perfect subsets).
Proof. If i: B-*C(X) is a linear isometry, then i'(EC(X)*)^EB*.
Hence, if X is dispersed, then so is EC(X)r and thus, so is cl*EBT. Conversely, if cl*EBT is dispersed, then B is linearly, isometrically, embeddable in C(X), where X = cl*EB" [2, p. 93].
In particular, since the two dimensional Euclidean space B = P(2) has the property that EBT is not dispersed, it is not linearly and isometrically embeddable in C(X) whenever X is dispersed. It is now shown that this property characterizes dispersed spaces and is also equivalent to the nonuniversality of C(X).
2. Theorem. Let Xbea compact Hausdorff space. Then the following are equivalent.
(a) X is dispersed, (b) C(X) contains no linear subspace B of dim > 1 such that every element of norm 1 in BT is also in EBT (that is, B' is rotund), (c) C(X) contains no linear subspace B of dim > 1 such that the unit sphere of B is supported by only one hyperplane at each of its boundary points (that is, B is smooth), (d) C(X) does not contain l2(2) linearly and isometrically, (e) C(X) is not universal for the set of all separable Banach spaces.
Proof, (a) implies (b). If BQC(X) and A is dispersed, then cl*EBw is dispersed. Hence, if dim B>1, then EB* is not all of the boundary points of BT. (e) implies (a). If X is not dispersed, then there is a continuous function from X onto [0, l] (this is a simple modification of Urysohn's lemma to utilize perfectness, see [6] also). Thus C[0, 1 ] is linearly and isometrically embeddable in C(X).
A characterization
of the Banach spaces that can be linearly and isometrically embedded in C(X) for every infinite compact space X is now given. The space c is the Banach space of all real convergent sequences and c0 is the space of all real sequences converging to 0.
Theorem.
Let B be a Banach space. Then the following are equivalent.
(a) B is linearly and isometrically embeddable in C(X) for all infinite compact spaces X, (b) B is linearly and isometrically embeddable in c, (c) EBT = Z\J -Z, where Z is countable, ZD -Z = 0, and Z has at most one weak* limit point. Since {5*} has only one weak* limit point, Z has a weak* limit point if and only if it is infinite, and, in such a case the limit point is i'(8w). Example. There is a two dimensional space B such that EB* is infinite and B is linearly and isometrically embeddable in c. Let Bn=(n -1/n)(tr/2) and 6w = 7r/2 and W be the convex symmetric hull of {(cos Bk, sin Bk) \l^k^w}.
Proof. That
Then W is a closed, bounded, absorbing, symmetric, convex set and hence is the unit sphere of its Minkowski norm. If A denotes this space and B = A', then B is embeddable in c by Theorem 3.
It is now shown that this is not true for Co. Namely, a finite dimensional space B is linearly and isometrically embeddable in c0 if and only if EB* is finite.
Definition.
A finite dimensional space B is said to be polyhedral if its unit sphere has only a finite number of extreme points.
For results on polyhedral sets see [4] and [5] . The following proposition is given in [2, p. 266 where either Z is finite or has 0 as its only weak* limit point. Since B is finite dimensional, the latter case cannot happen. Hence Z is finite, that is, B' is polyhedral. Thus B" = B is polyhedral.
